Introduction
In project analysis, the rate at which future benefits and costs are discounted often determines whether a project passes the benefit-cost test. This is especially true of projects that have long time horizons, such as those aimed at reducing greenhouse gas (GHG) emissions. In the case of GHG emissions projects, the benefits of reduced GHG emissions last for centuries, but the mitigation costs are borne today and in the near future. This means that the ability of such projects to pass the benefit-cost test is especially sensitive to the rate at which future benefits are discounted.
In evaluating public projects, France and the United Kingdom use discount rate schedules in which the discount rate applied today to benefits and costs occurring in the future declines over time (HM Treasury 2003; Lebègue 2005) . That is, the rate used today to discount benefits from year 200 to year 100 is lower than the rate used to discount benefits in year 100 to the present. In the United States, however, the Office of Management and Budget (OMB) recommends that project costs and benefits be discounted at a constant exponential rate (which, other things equal, assigns a lower weight to future benefits and costs than a declining rate), although a lower constant rate may be used for projects that affect future generations.
1 These conflicting government approaches to discounting raise a familiar, but difficult, question: How should governments discount the costs and benefits of public projects, especially those that affect future generations? This article seeks to answer this question, focusing in particular on the principles that should be used to determine the rates at which to discount the costs and benefits of regulatory programs. More specifically, we examine whether these principles suggest that project evaluation should use a declining discount rate (DDR) schedule (i.e., the approach followed in the United Kingdom and France) or a constant exponential rate (i.e., the current approach in the United States).
The basic argument for a DDR is simple: if shocks to the consumption discount rate (i.e., the rate at which society would trade consumption in year t for consumption in the present) are uncertain but positively correlated, then the efficient result is a declining schedule of discount rates (Gollier 2012) . Over the last decade, two branches of the literature have emerged concerning DDRs.
The first branch extends the Ramsey formula for discounting benefits and costs to allow for uncertainty in the rate of consumption growth. The theory of benefit-cost analysis dictates that the benefits and costs of a project that are certain should be converted to consumption units and discounted to the present using the consumption discount rate (e.g., Dasgupta, Marglin, and Sen 1972) . 2 This approach leads to the Ramsey discounting formula, in which the discount rate applied to net benefits at time t equals the sum of the utility rate of discount (i.e., the rate that the utility of future generations is discounted) and the rate of growth in consumption between t and the present, 3 weighted by (minus) the elasticity of the marginal utility of consumption. 4 This branch of the literature extends the Ramsey formula in order to examine 1 For intragenerational projects, the OMB (2003) recommends that benefit-cost analyses be performed using a discount rate of 7 percent, representing the pretax real return on private investments, and also a discount rate of 3 percent, representing the "social rate of time preference." 2 For simplicity, throughout the article we ignore uncertainty in the stream of benefits and costs associated with a project, effectively assuming that these have been converted to certainty-equivalents. This allows us to focus on the time pattern of risk-free discount rates. 3 Here, and through the beginning of the next section, we focus on annualized versus annual or instantaneous rates. This allows for easier comparison with constant discounting. 4 Formally, this is: t ¼ + Ág t, , where t is the discount rate, is the utility rate of discount, is the elasticity of the marginal utility of consumption, and g t is the rate of growth in consumption between t and the present.
conditions under which uncertainty in the rate of consumption growth can lead to a DDR (see Gollier 2012 for an extended survey).
The second branch of the DDR literature is based on the expected net present value (ENPV) approach. This approach was initially developed by Weitzman (1998 Weitzman ( , 2001 Weitzman ( , 2007 , who argued that the uncertainty about future discount rates justifies using a decreasing term structure (i.e., time pattern) of discount rates today. Computing ENPVs with an uncertain but constant discount rate is equivalent to computing net present values with a certain but decreasing discount rate, termed a certainty-equivalent discount rate. This means that if there is a probability distribution over the future discount rate under constant exponential discounting, we should use a declining term structure of discount rates today. Other researchers have estimated certainty-equivalent discount rates based on historical time series of interest rates (e.g., Groom et al. 2007; Hepburn et al. 2009; Newell and Pizer 2003) .
The remainder of the article examines these two approaches to discounting in more detail and discusses how they might be implemented empirically. The next section discusses the use of the Ramsey formula as a basis for discounting and identifies the conditions under which uncertainty in the rate of growth in per capita consumption will lead to a DDR. This is followed by a discussion of the ENPV approach. For each approach, we discuss the difficulties of using it to generate an empirical schedule of discount rates for regulatory impact analysis. We also compare the use of a DDR schedule with the current practice in the United States, which is dictated by OMB guidelines (OMB 2003) . Finally, we examine the issue of whether the use of a DDR schedule will lead to time-inconsistent decisions. 5 We conclude that the arguments in favor of a DDR are compelling and thus merit serious consideration by regulatory agencies in the United States.
The Ramsey Formula as a Basis for Discounting
In benefit-cost analysis, the consumption rate of discount is usually approached from the perspective of a social planner who wishes to maximize the social welfare of society (Dasgupta 2008; Goulder and Williams 2012) . That is, the utility of persons alive at time t is characterized by an increasing, strictly concave function of consumption (i.e., the marginal utility of consumption declines as consumption increases), 6 and it is assumed that the planner maximizes the discounted sum of the utilities of current and future generations. 7 This means that in evaluating investment projects, a social planner would be indifferent between $1 received at time t and a smaller amount received today if the marginal utility of the two amounts were equal. A decision is time inconsistent if the decision maker would want to reverse the decision in the future without receiving new information (i.e., based solely on the passage of time). It is well known that individuals who discount future utility using a DDR may make time-inconsistent decisions (Strotz 1955). 6 Consumption can be broadly defined to include both market and non-market goods and services.
7
In this article, c t represents the average consumption of people alive at time t. In an intergenerational context, t is often interpreted as indexing different generations; however, this need not be the case. It can simply represent average consumption in different time periods, with there being some overlap of individuals across time periods. A discussion of models that distinguish between individuals within and across generations is beyond the scope of this article.
, where " is the amount received today, u is utility, and c t is consumption. is the utility rate of discount.
This approach assumes that the planner's utility function is additively separable, the utility received from a given level consumption is constant over time, and future utility is discounted at the rate .
9 If we assume that the utility of consumption-u(c)-is isoelastic; that is, that the elasticity of marginal utility with respect to consumption is constant, 10 then t , the annual consumption rate of discount between time 0 and time t, can be written using the familiar Ramsey formula
where is (minus) the elasticity of marginal utility with respect to consumption, and g t is the annualized growth rate of consumption between time 0 and time t.
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In the Ramsey formula, is the rate at which society (i.e., the social planner) discounts the utility of future generations. A value of ¼ 0 says that we judge the utility of future generations to contribute as much to social welfare as the utility of the current generation. For any generation, describes how fast the marginal utility of consumption declines as consumption increases. Higher values of imply that the marginal utility of consumption declines more rapidly as consumption increases. The standard interpretation of the Ramsey formula, shown in equation (1), is that, when g t is positive, the social planner will discount the utility of consumption of future generations because future generations are wealthier. To illustrate, if g t ¼ 1.3 percent annually, per capita consumption in two hundred years will be more than thirteen times higher than today. So it makes sense to discount the utility of an extra dollar of consumption received two hundred years from now. Moreover, the planner will discount that utility at a higher rate the faster the marginal utility of consumption decreases as consumption rises.
The Ramsey Formula When the Growth Rate of Consumption Is Uncertain
The rate of growth in per capita consumption is likely to be uncertain, especially over long time horizons, and allowing for this uncertainty alters the Ramsey formula. To illustrate, we begin with the case in which shocks to consumption are independently and identically distributed (i.e., uncorrelated over time), which yields what is known as the extended Ramsey formula. If the growth rate of consumption is a sequence of random variables that are independently and identically normally distributed with mean g and variance g 2 , a third term is added to the Ramsey formula as a result of this uncertainty (Gollier 2002; Mankiw 1981), and 9 Solving the equation in footnote 8 for ", the present value of $1 in year t,
where t denotes the annual consumption rate of discount between periods 0 and t. /(1À).
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In the Ramsey formula, captures the intertemporal elasticity of substitution between consumption today and consumption in the future, the coefficient of relative risk aversion, and inequality aversion. As discussed more fully later, more sophisticated treatments (Epstein and Zin 1991; Gollier 2002; Weil 1990) 
The last term in equation (2) indicates a precautionary effect: that is, that uncertainty about the rate of growth in consumption reduces the discount rate, which causes the social planner to put more weight on the future. 13 The magnitude of the precautionary effect is likely to be small, however, at least for the United States. As suggested by Gollier (2008) and Dasgupta (2008) , suppose that ¼ 0, and ¼2. Using annual data from 1889 to 1978 for the United States, Kocherlakota (1996) estimated g to be 1.8 percent and g to equal 3.6 percent. This implies that the precautionary effect is 0.26 percent and that ¼ 3.34 percent (rather than 3.6 percent, as implied by the standard Ramsey formula. 14 Thus uncertainty in consumption per se need not cause the discount rate to decline (nor substantially reduce it).
Impact of catastrophic risks
Shocks to consumption may have a larger impact on the discount rate if such shocks represent catastrophic risks. Pindyck and Wang (2013) examine how the risk of global events that would cause a substantial decline in either the capital stock or its productivity would affect discounting. Examples of such catastrophes include an economic collapse on the order of the Great Depression, nuclear or bioterrorism, a highly contagious "mega-virus" that kills large numbers of people, or an environmental catastrophe, such as the West Antarctic Ice Sheet sliding into the sea. Pindyck and Wang (2013) find that if ¼ 2, such catastrophes could reduce the discount rate by À1.2 percent to À1.6 percent.
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Uncertain consumption and the declining discount rate Equation (2) illustrates that independently and identically normally distributed shocks to consumption growth with known mean and variance result in a constant consumption rate of discount. However, the consumption rate of discount may decline over time if shocks to consumption growth are positively correlated over time, or if the rate of change in consumption is independently and identically distributed with unknown mean or variance. Gollier (2012, Chapter 8) shows that if shocks to consumption growth are positively correlated and the utility of consumption (u(c)) is isoelastic, the annual consumption rate of discount ( t ) will decline.
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The intuition behind this is that positive shocks to consumption make future consumption
12
More precisely, we assume that ln(c i /c iÀ1 ) is independently and identically normally distributed with mean g and variance g 2 .
13
A necessary condition for this to hold is that the planner be prudent (i.e., that the third derivative of u(c) be positive), which is satisfied by the isoelastic utility function.
14 Gollier (2011) finds that the size of the precautionary effect is much larger for other countries, especially developing countries. 15 Formally, they suppose that catastrophic risk is modeled as a Poisson process with mean arrival rate , and that if a catastrophe occurs, consumption falls by a random percentage x. This subtracts lE(x) from the right-hand side of (2), thus reducing the discount rate. How important is this last term? Recent estimates of and E(x) based on panel data by Barro (2006 Barro ( , 2009 Formally, Gollier shows that if ln(c i /c iÀ1 ) exhibits "positive quadrant dependence" and u 000 (c) > 0, t will decline as t increases.
Should Governments Use a Declining Discount Rate in Project Analysis?riskier, thus increasing the strength of the precautionary effect in equation (2) for distant time horizons.
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Various models of per capita consumption growth have been estimated for the United States (e.g., Cecchetti, Lam, and Mark 2000; Cochrane 1988 ) that could be used empirically to estimate a DDR using the extended Ramsey formula. The positive correlation in the rate of change in per capita consumption in the United States (based on historical data) is likely to result in a discount rate that declines slowly over time. Based on estimates in the literature for the United States, Gollier (2008) reports an estimated precautionary effect of 0.3, which implies a very gradual decline in the discount rate. The discount rate is also estimated to decline very gradually based on the regime-switching model of Cecchetti et al., who find that the efficient discount rate in the positive growth regime declines from 4.3 percent today to 3.4 percent after a hundred years.
Subjective uncertainty
The approach we have presented for parameterizing the extended Ramsey formula is based on the assumption that the nature of the stochastic consumption-growth process can be adequately characterized by econometric models that are estimated using historical data. However, the consumption-based asset pricing literature suggests that this may not be the case. 18 To quote Weitzman (2007), "People are acting in the aggregate like there is much more . . . subjective variability about future growth rates than past observations seem to support." This argues for treating the mean ( g ) and variance ( g ) of consumption growth as uncertain, and, as shown in Weitzman (2004 Weitzman ( , 2007 and Gollier (2008) , this subjective uncertainty about the trend and volatility in consumption growth will lead to a DDR. The form of the planner's subjective uncertainty about the mean rate of growth in consumption will clearly influence the path of the efficient discount rate. For example, the assumptions made in Weitzman (2004) cause the efficient discount rate to decline linearly, eventually becoming negative. However, Gollier (2008) presents examples that yield nonnegative paths for the efficient discount rate.
Gollier (2008) proves that when the rate of growth in consumption is a sequence of random variables as before, but the mean rate of growth depends on an uncertain parameter, 19 the discount rate will decline over time. Figure 1 demonstrates the path of the discount rate (R t ) for the case of ¼ 0, ¼ 2, and g ¼ 3.6 percent. The mean rate of growth in consumption is assumed to equal 1 percent and 3 percent with equal probability, which yields a discount rate that declines from 3.8 percent today to 2 percent after three hundred years-a path that closely resembles France's discounting schedule (see Figure 2) . 20 Other distributions for the uncertain 17
To illustrate, shocks to consumption could take a form where ln(c t /c tÀ1 ) x t (the percentage growth in consumption at t) follows a first-order autoregressive moving average (i.e., AR(1)) process: x t ¼ 'x tÀ1 + (1À ') + u t , with u t independently and identically normally distributed with constant variance. Mathematically, this equation will generate a declining discount rate on average, provided 0 < ' < 1. To be precise, the precautionary effect is multiplied by the factor (1 À ') À2 as t goes to infinity (Gollier 2008 ).
18
For example, the extended Ramsey formula does a poor job of explaining the equity premium puzzle: the large gap between the mean return on equities and risk-free assets (Weitzman 2007) . 19 The uncertain parameter is y [ g ¼ g (y)]. y might, for example, be related to the rate of technical progress.
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R t is the rate that would be used to discount benefits or costs at time t back to time 0. The R t path is labeled the "effective term structure" in Figure 2. parameter will, of course, lead to other DDR paths. The point is that uncertainty about the rate of consumption growth that is positively correlated over time will lead to a DDR.
Options for Parameterizing the Ramsey Formula
To empirically implement a DDR using the extended Ramsey formula requires estimates of and as well as information about the process governing the growth of per capita consumption. Here we discuss both prescriptive and descriptive options for quantifying and .
Estimating d and g as normative parameters
Many economists view the Ramsey approach to discounting, which underlies the theory of benefit-cost analysis, as a normative approach (e.g., Arrow et al. 1996; Dasgupta 2008 ). This Figure 2 The French government social discount rate term structure Notes: The forward rate is the rate used to discount benefits and costs from year t + 1 back to year t. The effective term structure gives the rate used to discount benefits and costs from year t back to year 0. Source: Lebègue (2005) .
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implies that the parameters and should reflect how society values consumption by individuals at different points in time; that is, that and should reflect social values. The question is how these values should be measured. Many-but not all-of the authors of this article agree with Frank Ramsey (Ramsey 1928 ) that it is ethically indefensible to discount the utility of future generations, except possibly to account for the fact that these generations may not exist. This implies that ¼ 0, or some number that reflects the probability that future generations will not be alive. Stern (2006) , for example, assumes that the hazard rate of extinction of the human race is 0.1 percent per year. It is important to emphasize, however, that while setting ¼ 0 may reflect the ethical beliefs of some people, it need not reflect the values of society at large. Furthermore, this value for is based not on economic principles but rather on personal beliefs.
The parameter plays three roles in the Ramsey formula: (a) it is inversely related to the intertemporal elasticity of substitution between consumption today and consumption in the future; (b) it represents the coefficient of relative risk aversion; and (c) it reflects intergenerational inequality aversion. This complicates the estimation of because researchers will obtain different values for depending on which role is emphasized (Atkinson et al. 2009; Groom and Maddison 2013) . One could also argue (see Traeger 2009 ) that discounting should be based on a more complex characterization of preferences than simply those that underlie the Ramsey formula; for example, Epstein-Zin-Weil (EZW) recursive preferences (Epstein and Zin 1991; Weil 1990 ) separate risk aversion from the elasticity of intertemporal substitution of consumption. Although EZW preferences have been useful in explaining the behavior of financial markets, it is not clear to the authors of this article that they provide an appropriate foundation for social preferences.
Therefore we adhere to the Ramsey formula and argue that from a normative perspective, should be interpreted as reflecting the maximum sacrifice one generation should make to transfer income to another generation (Dasgupta 2008; Gollier, Koundouri, and Pantelidis 2008) .
21
Estimating d and g through observed behavior in public policy How should be determined empirically? One approach would be to examine the value of that is revealed by society's decisions to redistribute income, such as through progressive income taxes. For example, in the United Kingdom, such socially revealed inequality aversion (based on income tax schedules) has fluctuated considerably since World War II, with a mean of 1.6 (Groom and Maddison 2013) . However, if we were to apply this value to climate policy we would be making the implicit assumption that (a) the UK government has made the "right" choice concerning income redistribution and (b) income redistribution within a country and period is the same as income redistribution between countries and over time. Tol (2010) estimates the consumption rate of international inequality aversion (revealed by decisions on the level and allocation of development aid) to be 0.7. Thus the appropriate value of revealed by societal decisions remains uncertain.
To further illustrate this concept, Appendix Table A1 indicates the maximum sacrifice that society believes a higher income group (A) should make to transfer $1 to the poorer income group (B), as a function of . When group A is twice as rich as group B and ¼ 1, the maximum sacrifice is $2; when ¼ 2, the maximum sacrifice is $4.
Another option for eliciting values of and would be to use stated preference methods. The issue here is whose preferences should be examined and how. As Dasgupta (2008) has pointed out, it is important to examine the implications of the choice of and for the fraction of output that a social planner chooses to save. Ceteris paribus, a lower value of implies that society would choose to save a larger proportion of its output in order to increase the welfare of future generations. Thus the implications of the choice of and for societal savings rates would need to be made clear to those surveyed. 22 However, some of the authors are skeptical of the validity of using stated preference methods, especially when applied to laypeople who may not appreciate theoretical constructs such as "pure time preference," "risk-free investment," and "benevolent social planner." We suggest comparing the values of t with the return on risk-free investment as a way to verify that the results obtained from direct questioning methods are reasonable. While the return on risk-free investment may not represent the consumption rate of discount, it is currently viewed as a surrogate for the consumption rate of discount by the OMB (2003), and it is more readily observable than the consumption rate of discount.
Estimating d and g through observed behavior in financial markets
In the simple Ramsey formula, the parameter also represents the coefficient of relative risk aversion. 23 This suggests that could be estimated from observed behavior of macroeconomic aggregates and financial markets. 24 Although some of the authors favor this approach, others object to the use of such estimates because they do not reflect intergenerational consumption tradeoffs, which makes them inappropriate as estimates of in a social welfare function. The use of financial market data to estimate also raises the broader issue of whether the consumption rate of discount should reflect observed behavior and/or the opportunity cost of capital. The descriptive approach to social discounting (Arrow et al. 1996) , clearly reflected in Nordhaus (1994 Nordhaus ( , 2007 , suggests that and should be chosen so that the consumption rate of discount ( t ) approximates market interest rates. Baseline runs of the 2007 Dynamic Integrated Climate-Economy (DICE) model assume that ¼ 1.5 and ¼ 2 (Nordhaus 2007) . 25 In DICE 2007, t ranges from 6.5 percent in 2015 to 4.5 percent in 2095 as consumption growth slows over time (Nordhaus 2007) . These are clearly larger values for t than described at the beginning of this section. These results raise the question: Should we expect t -the consumption rate of discount in the Ramsey formula-to equal the rate of return to capital in financial markets, and, if not, what should we do about it? In an optimal growth model (e.g., the Ramsey model), the consumption rate of discount will equal the marginal product of capital along an optimal consumption path. If, for example, the social planner chooses the path of society's consumption in a one-sector 22 There is also an issue of how to aggregate preferences. One approach to this problem is to characterize equilibrium discount rates in an economy in which agents differ in their rate of time preference (Gollier and Zeckhauser 2005) and possibly in their assumptions about future growth in consumption (Jouini, Marin, and Napp 2010) . 23 Relative risk aversion concerns the proportion of wealth that risk-averse investors are willing to put at risk as their wealth increases. People whose utility function exhibits constant relative risk aversion will keep the proportion of wealth invested in a risky asset constant as their wealth increases. 24 The macroeconomic literature on the coefficient of relative risk aversion is summarized by Meyer and Meyer (2005) . Groom and Maddison (2013) review the literature on the elasticity of intertemporal substitution.
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DICE is an optimal growth model in which g t and t are determined endogenously.
Should Governments Use a Declining Discount Rate in Project Analysis?growth model, the consumption rate of discount-t -will equal the marginal product of capital along an optimal path. But what if society is not on an optimal consumption path? In this case, theory tells us that we need to calculate the social opportunity cost of capital-that is, we need to evaluate the present discounted value of consumption that a unit of investment displaces, and then use it to value the capital used in a project when we conduct a benefit-cost analysis (Dasgupta et al. 1972 ). However, once this is done (i.e., once all quantities have been converted to consumption equivalents), the appropriate discount rate for judging whether a project increases social welfare is indeed the consumption rate of discount ( t ) (Dasgupta et al. 1972) . Thus, in theory, differences between the rate of return to capital and the consumption discount rate can be resolved.
One potential problem with this approach is that converting all costs and benefits to consumption units can be difficult in practice. This suggests using the rate of return to capital as the discount rate when a project displaces private investment. In fact, this is what the OMB recommends when it suggests using a 7 percent real discount rate. A discount rate of 7 percent is "an estimate of the average pretax rate of return on private capital in the U.S. economy" (OMB 2003) and is meant to capture the opportunity cost of capital when "the main effect of the regulation is to displace or alter the use of capital in the private sector."
The Expected Net Present Value Approach
We have argued in the previous section that the Ramsey formula provides a theoretical basis for intergenerational discounting and that it also suggests the discount rate schedule is likely to decline over time due to uncertainty about the rate of growth in per capita consumption.
An alternative approach to modeling discount rate uncertainty is the ENPV approach. Suppose that an analyst discounts net benefits at time t (Z(t)) to the present using a constant exponential rate r, so that the present value of net benefits at time t equals Z(t)exp(Àrt).
26 If the discount rate r is fixed over time but uncertain, then the expected value of net benefits is given by
where the expectation is taken with respect to r, and A(t) is the expected value of the discount factor. The certainty-equivalent discount rate R t , which is used to discount net benefits at time t to the present, is defined by
The instantaneous certainty-equivalent discount rate, or forward rate, is given by the rate of change in the expected discount factor (F t ). 28 This is the rate at which benefits in period t would be discounted back to period t À 1. Because the discount factor is a convex function of r, the 26 We assume that Z(t) represents certain benefits. If benefits are uncertain we assume that they are uncorrelated with r and that Z(t) represents certainty-equivalent benefits. A referee noted that this approach is at odds with the approach in corporate finance, in which discount rates are adjusted to reflect the riskiness of a project. 27 This implies that R t ¼ À1/t ln[A t ].
28
Formally, the instantaneous certainty equivalent rate (forward rate) is À(dA t /dt)/A t F t certainty-equivalent discount rate and the forward rate will both decline over time (Weitzman 1998 (Weitzman , 2001 ).
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Figures 2 and 3 show the forward rates and the corresponding certainty-equivalent rates (labeled "Effective Term Structure") used by France and the United Kingdom, respectively. The forward rate in France is 4 percent each year between the present and thirty years in the future, falling to 2 percent per year thereafter. This implies that for benefits and costs occurring thirty years (or fewer) in the future, the certainty-equivalent discount rate is 4 percent, and falls thereafter. 30 More specifically, the certainty-equivalent rate falls to 2 percent for benefits and costs occurring three hundred years in the future. The forward rate in the United Kingdom is given by a step function (see Figure 3 ), which implies a certainty-equivalent rate of 3.5 percent for benefits and costs occurring thirty or fewer years in the future. This rate declines to 2 percent for benefits and costs occurring 350 years in the future. The fact that forward-and hence certainty-equivalent-discount rates decline was first raised by Weitzman (1998 Weitzman ( , 2001 in the context of intergenerational discounting. 31 In his article "Gamma Discounting," Weitzman (2001) Figure 3 The UK government social discount rate term structure Notes: The forward rate is the rate used to discount benefits and costs from year t + 1 back to year t. The effective term structure gives the rate used to discount benefits and costs from year t back to year 0. Source: HM Treasury (2003).
This result follows mathematically from Jensen's inequality, which states that the expected value of a convex function of a random variable is greater than the function of the mean of the random variable, that is, E(exp(Àrt)) > exp(ÀE(r)t)). Together with equation (4), this implies that R t must be less than the mean of r. This effect is magnified as t increases.
30
The discount factor used to discount benefits in year t > 30 to the present is given by exp(À(0.04*30 + 0.02* (t À 30))). 31 Gollier and Weitzman (2010) discuss the theoretical underpinnings for the ENPV approach, which is consistent with utility maximization in the case of a logarithmic utility function.
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See http://en.wikipedia.org/wiki/Gamma_distribution. Should Governments Use a Declining Discount Rate in Project Analysis?mean (4 percent) and standard deviation (3 percent) of responses are the basis for the schedule of forward rates presented in Table 1 .
Underlying Source of Uncertainty
It is important, however, to consider the underlying source of uncertainty that generates a DDR schedule. There are differences in opinion concerning how the future will unfold with regard to returns to investment, growth, and hence the discount rate. Clearly, there is genuine uncertainty about these quantities over long time horizons. However, Weitzman (2001) argued that this disagreement among experts represents only the "tip of the iceberg" compared to the differences in normative opinions on the issue of intergenerational justice. Rather than reflecting uncertainty about the future interest rate, which falls naturally into the positive (i.e., descriptive) realm, variation in normative opinions reflects irreducible differences on matters of ethics. In this case, variation reflects heterogeneity, not uncertainty. We believe that disagreement among experts that reflects differing opinions or preferences is in a different category than underlying uncertainty about the economy, and thus they require different approaches. Gollier and Zeckhauser (2005) and Heal and Millner (2013) show that efficient allocation in the face of heterogeneous time preferences can cause a declining utility discount rate, which can drive a declining consumption discount rate. However, combining heterogeneous time preferences is a fundamentally different approach to generating a DDR.
In contrast, if the opinions of experts represent forecasts, Freeman and Groom (forthcoming) argue that these forecasts should be combined in order to reduce forecasting error, as is typical in the literature (e.g., Bates and Granger 1969) . In situations where there are differences in opinions but the experts are unbiased and form their forecasts independently, the appropriate measure of variation is the standard error. Freeman and Groom (forthcoming) show that in this case, the most appropriate methods of combining forecasts lead to a much slower decline in the discount rate than the original Weitzman (2001) approach. 33 In "Gamma Discounting" (Weitzman 2001) , the declining forward rate follows directly from Jensen's inequality (see footnote 29) and a constant but uncertain exponential discount rate. The more general case in which the discount rate varies over time gives us Generally, Freeman and Groom (forthcoming) suggest that the decline in the discount rate will be more rapid the greater the dependence between expert forecasts.
In this case, the shape of the path of forward rates (F t ) depends on the distribution of the per period discount rate {r t }. If {r t } are independently and identically distributed, the forward rate is constant. In equation (5), in order for the forward rate to decline, there must be positive correlation in uncertainty about the discount rate. If shocks to the discount rate are correlated over time, as in equation (6), r t ¼ p + e t and e t ¼ ae tÀ1 + u t ; jaj 1 ð6Þ the forward rate will decline over time (Newell and Pizer 2003) .
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Empirical Estimates of the DDR Schedule for the United States
The empirical DDR literature generally assumes that the future stochastic behavior of the discount rate (r t ) can be modeled using historical market returns on the least risky investments available over time-typically government Treasury bonds. 35 This literature includes models of interest rate determination for the United States (Groom et al. 2007; Newell and Pizer 2003) ; Australia, Canada, Germany, and the United Kingdom (Gollier et al. 2008; Hepburn et al. 2009 ); and France, India, Japan, and South Africa (Gollier et al. 2008 ). However, we focus here on the empirical DDR literature that concerns the United States.
Reduced Form Models
Using two centuries of data on long-term, high-quality government bonds (primarily US Treasury bonds), Newell and Pizer (2003) estimate reduced-form models of US bond yields, which they then use to estimate forward rates over the next four hundred years. They assume that interest rates follow an autoregressive process, 36 which means that the mean interest rate is uncertain and deviations from the mean interest rate will be more persistent the higher is the correlation between shocks to the interest rate; that is, the higher is a in equation (6). 37 When a ¼ 1, interest rates follow a random walk (i.e., the sum of a sequence of independently and identically distributed normal random variables) and the forward rate will decline more rapidly than when a < 1 (i.e., interest rates follow a mean-reverting model). In the random walk model, Newell and Pizer (2003) find that the forward rate falls from 4 percent today to 2 percent in a hundred years. However, in the mean-reverting model, a forward rate of 2 percent is not reached for three hundred years. 
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The stochastic models estimated from historical behavior can be applied to different starting values. This separates the assumption of the right "rate" from how that rate varies over time. This is given by r t ¼ + e t and e t ¼ ae tÀ1 + u t , jaj 1 in the case of AR(1); see equation (6). The authors estimate autoregressive models in the logarithms of the variables (lnr t ¼ lnp + e t ) to avoid negative interest rates. Their preferred models are AR(3) models in which e t ¼ a 1 e tÀ1 + a 2 e tÀ2 + a 3 e tÀ3 + u t .
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The authors demonstrate that the instantaneous certainty-equivalent (forward) interest rate corresponding to (6) is given by
f(a,t), where f(a,t) is increasing in a and t. How fast the forward rate declines depends on the variance in the mean interest rate as well as on the persistence of shocks to the mean interest rate (i.e., on a).
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The point estimate of a 1 +a 2 + a 3 ¼ 0.976 with a standard error of 0.11, implying that Newell and Pizer (2003) can reject the mean-reverting model. The authors also note that when the mean-reverting model is estimated using data from 1798 through 1899, it overpredicts interest rates in the first half of the twentieth century.
More Flexible Reduced Form Models
The subsequent DDR literature for the United States, which is modeled after the finance literature, has estimated more flexible reduced-form models of interest rate determination. For example, Groom et al. (2007) use the same data as Newell and Pizer (2003) to estimate five models for the United States. The first two models are random walk and mean-reverting models that are identical to those in Newell and Pizer (2003) . The third model is an autoregressive integrated generalized autoregressive conditional heteroscedasticity (AR-IGARCH) model that allows the conditional variance of the interest rate to vary over time. The fourth model is a regime-switching model that allows the interest rate to shift randomly between two states that differ in their mean and variance. The fifth model, which outperforms the others in within-and out-of-sample predictions, is a state-space model-an autoregressive model that allows both the degree of mean reversion and the variance of the process to change over time.
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The state-space model of Groom et al. (2007) suggests that the forward rate initially declines more rapidly than in the Newell and Pizer (2003) random walk model but approaches a higher discount rate in the long run. Freeman et al. (2013) further extend the DDR literature by adjusting the data series used by Newell and Pizer (2003) and Groom et al. (2007) for inflation. 40 They find that a declining DDR is robust to a more rigorous treatment of inflation.
Forward Rates and the Social Cost of Carbon
Figure 4 presents estimates of the forward rates for the United States from the random walk model of Newell and Pizer (2003) , the state-space model of Groom et al. (2007) , and the preferred model of Freeman et al. (2013) . 41 For the first one hundred years, the forward rates from the state-space model decline more rapidly than those produced by the random walk model, leveling off at about 2 percent. The random walk model yields a forward discount rate of 2 percent at year 100 and 1 percent in year 200, declining to about 0.5 percent when t ¼ 400. The DDR path corresponding to Freeman et al. (2013) is initially higher than Groom et al. (2007) , but declines more rapidly than Newell and Pizer (2003) for longer time horizons.
Clearly, the precise form of the path of forward rates is sensitive to the specific model estimated. The DDR schedules presented in Figure 4 have a significant impact on estimates of the social cost of carbon, relative to estimates that are based on a constant exponential discount rate of 4 percent. All three sets of authors use damage estimates from Nordhaus (1994) to calculate the marginal social cost of carbon as the present discounted value of global damages from emitting a ton of carbon in 2000, discounted at a constant exponential rate of 4 percent and using forward rates from their models. Using a constant exponential rate of 4 percent, the social cost of carbon is $10.70 (2013 US$). However, the social cost of carbon is $19.50 per ton of carbon using the random walk model in Newell and Pizer (2003) , $27.00 per ton using the state-space 39 In the state-space model r t ¼ + a t r tÀ1 + e t , where a t ¼ P i a tÀ1 + u t . e t and u t are serially independent, zero-mean, normally distributed random variables, whose distributions are uncorrelated. The authors compare the models using the root mean squared error of within-and out-of-sample predictions. 40 Newell and Pizer (2003) and Groom et al. (2007) use annual market yields on long-term government bonds for the period 1798-1999. Starting in 1950, nominal interest rates are converted to real ones using the expected rate of inflation forecast by the Livingston Survey of professional economists (Thomas 1999) . 41 The preferred model in Freeman et al. (2013) is an augmented autoregressive distributed lag model. Simulations have been run for all three models assuming a mean interest rate of 4 percent per annum. model in Groom et al. (2007) , and $26.10 per ton using the preferred model in Freeman et al. (2013 . This suggests that the use of a DDR could possibly increase estimates of the social cost of carbon.
The DDR and Time Consistency
One issue that frequently arises in the context of the DDR is whether the use of a DDR will lead to time-inconsistent decisions. It is well known that an individual who discounts the future hyperbolically (i.e., assigns higher discount rates to utility in the near term than in the distant term), will not-at time t-wish to follow a consumption-savings plan that was made at time 0 (Strotz 1955) . The problem is this: at time 0 the discount rate between period t and t + 1 is a long-term (low) discount rate. But, when period t actually arrives, the individual will apply a short-term (high) discount rate to period t + 1. Therefore, the individual will want to consume more in period t than he had planned to consume when he formulated his plans at time 0. The fact that the individual wishes to change his decision due simply to the passage of time means that his decision is time inconsistent.
However, it is also well known (Gollier et al. 2008 ) that a policy chosen by a decision maker who maximizes a time-separable expected utility function will be time consistent if expected utility is discounted at a constant exponential rate. 42 In the Ramsey framework, 
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Constant exponential discounting is a sufficient but not necessary condition for time consistency. See Heal (2005) for other conditions that will yield time-consistent decisions. However, it is necessary for an optimal policy to be both time consistent and stationary.
Should Governments Use a Declining Discount Rate in Project Analysis?this means that if a social planner discounts the utility of future generations at a constant exponential rate, the DDR that results from utility maximization will not lead to time-inconsistent decisions.
However, the problem of time consistency can arise in an ENPV framework if the DDR schedule does not change over time. For example, if, in 2012, an analyst were to evaluate future net benefits using the discounting schedule in "Gamma Discounting" (Weitzman 2001 ), but the schedule did not change over time, then, depending on the time pattern of net benefits, a program that passed the benefit cost test in 2012 would not necessarily pass it in a later year. This would occur simply due to the passage of time: in 2050, the forward rate used to discount benefits and costs from 2051 to 2050 would be higher than the one used in 2012 to discount benefits and costs from 2051 to 2050.
Of course, if new information became available that altered the DDR schedule, the analyst would need to reevaluate the ENPV of the program, just as he or she would do under the Ramsey approach. However, a reversal of the outcome of the benefit-cost analysis due to new information would not constitute time inconsistency. Newell and Pizer (2003) argue that when using historical data to estimate a DDR, an analyst should regularly update estimates of the DDR as more information becomes available, thus eliminating the problem of time inconsistency. Presumably, the same would occur under a Ramsey approach as actual consumption growth occurs and knowledge about the future growth rate changes. However, in practice, such updating of DDR schedules may occur only infrequently.
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Concluding Remarks
The use of a DDR in project evaluation would have important implications for how regulations are evaluated in the United States. Currently, the OMB requires that benefits and costs be discounted at a constant exponential rate, although a discount rate that is lower than the 3 percent and 7 percent that are currently required may be used to provide a sensitivity analysis when a project yields benefits to future generations. In contrast, France and the United Kingdom use DDR schedules in which all costs and benefits occurring in the same year are discounted at a rate that declines over time. Which approach is correct? This article has sought to clarify the arguments in favor of a DDR and to present recent empirical literature on the subject.
We have argued that theory provides compelling arguments for using a declining certaintyequivalent discount rate. In the Ramsey formula, uncertainty about the future rate of growth in per capita consumption can lead to a declining consumption rate of discount, assuming that shocks to consumption are positively correlated. This uncertainty in future consumption growth rates may be estimated econometrically based on historical observations, or it can be derived from subjective uncertainty about the mean rate of growth in mean consumption or its volatility.
The path from theory to a numerical schedule of discount rates requires estimates of , , and the process generating g t . However, both France and the United Kingdom have been able empirically to implement a DDR that is at least partly based on the Ramsey model.
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The ENPV approach is less theoretically elegant and does not measure the consumption rate of discount as given by the Ramsey formula. It is, however, empirically tractable and, when expressed in consumption units, it corresponds to the approach currently recommended by the OMB for discounting net benefits (OMB 2003) . The empirical ENPV literature has focused on models of the rate of return on long-term, high-quality government debt. Moreover, the literature concerning the United States suggests that the certainty-equivalent rate is declining with the time horizon. However, results from the empirical DDR literature are sensitive to the model estimated, the data series used to estimate the model, and how the data are smoothed and corrected for inflation.
Clearly, policymakers should use careful judgment in estimating a DDR schedule, whichever approach is used. Moreover, as emphasized earlier, the DDR schedule should be updated as time passes and more data become available. Establishing a procedure for estimating a DDR for project analysis would be an improvement over the OMB's current practice of recommending fixed discount rates that are rarely updated.
